
For l = 1, ..., k, the last column of W l thus encodes the biases of the neurons in layer l. The
potential of neuron i in layer l for i = 1, ..., nl and l = 1, ..., k is given by
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j + wi,nl−1+1 ∈ Rnl . (12)

Finally, based on the functional form of the component-wise activation function, the activation
of neuron i in layer l for i = 1, ..., nl and l = 1, ..., k is given by

al
i = σ
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 ∈ Rnl , (13)

and may be conceived as the mean firing rate of the ith neuron in layer l.

Example 1. To illustrate the definitions above, we specify the key components of a 3-layered
neural network (k = 3) with a two-dimensional input layer (n0 = 2), two three-dimensional
hidden layers (n1 = 3, n2 = 3), and a two-dimensional output layer (n3 = 2) below. Note that
x = a0 and a3 = y. Exemplary constituents of this neural network for a given input x ∈ R2 are
visualized in Figure 2A.
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•
Definition 3 conceives a neural network as a function of an input x for a given set of fixed

weight matrices W l, l = 1, ..., k. Neural network training, however, requires monitoring the
output of a neural network for fixed input x as a function of variable weight matrices W l, l =
1, ..., k. To formalize this fundamental change of perspective, we use the following definitions.
Definition 4 (Weight matrix-variate neural network functions). Let f denote a k-layered neural
network and let x denote an input of f . Then the weight matrix-variate neural network function
fx of f is defined as the function

fx : Rn1×(n0+1) × · · · × Rnk×(nk−1+1) → Rnk , (W 1, ...,W k) 7→ fx(W 1, ...,W k)
:= Σk(Φk(W k,Σk−1(Φk−1(W k−1, · · · (W 2,Σ1(Φ1(W 1, x))) · · · )))), (14)
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